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Abstract—We consider parameterized virtual leader-guided
distributed consensus maneuvering of uncertain multi-agent sys-
tems herein. The model of the agent is in the strict-feedback
form and subject to unmatched uncertainties. In comparison
with existing results, we try to research distributed consensus
maneuvering from a distributed game perspective. Inspired by
distributed Nash equilibrium seeking approach and cooperative
learning strategy, a parallel control method is developed for
consensus maneuvering, including cooperative learning-based
neural predictors, dynamic surface control(DSC)-based parallel
control law, and parameter update law for virtual leader. It is
proved that the total closed-loop system is input-to-state stable,
and the outputs of all agents converge to the Nash equilibrium as
far as possible. The main results are demonstrated by theoretical
analysis and a simulation example.

Index Terms—Dynamic surface control, parallel control, ACP
methodology, MIMO strict-feedback systems, neural predictor

[. INTRODUCTION

Leader-following consensus control is widely applied in
coordinated operations of multi-agent systems during the past
years, such as unmanned surface/underwater vehicles [1],
[2]. Leader-following consensus control provides a powerful
method for achieving a coordinated motion under distributed
communication [3]-[5]. The existing leader-following con-
sensus control methods are further separated into consensus
tracking control methods [3] and consensus maneuvering
control methods [4], [5]. In particular, consensus maneuvering
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control methods aim to achieve coordination guided by a
parameterized virtual leader, including ordinary distributed
tracking control laws for controlled objectives and a special
update law for the leader’s parameter. Consensus maneuvering
control is also extended to containment maneuvering guided
by multiple parameterized leaders, see [6]-[8].

On one hand, these cooperative maneuvering methods in
[4]-[8] mainly focus on how to achieve the desired coor-
dinated motion under the distributed communication among
agents. However, the relationship among agents may exist
the cooperation and competition in practical applications.
Distributed game theory is one of the effective analysis tools
for multi-agent systems in competition and cooperation. In the
distributed game, each agent can make appropriate decisions
through the distributed Nash equilibrium seeking [9]. Some
distributed control methods by using the Nash equilibrium
seeking have been proposed (see [9], [10]), but distributed
consensus maneuvering based on distributed Nash equilibrium
seeking is still open. On the other hand, in the existing cooper-
ative maneuvering methods in [4]-[8], neural/fuzzy predictors
are designed to recover the uncertain nonlinearities based on
the local learning strategy. The local learning-based neural
predictor may be hard to utilize existing information of neural
networks for other similar tasks and need to be constructed
repeatedly [11].

Parallel control is an effective design tool to develop con-
trollers for complex systems [12]. Different from the existing
control methods in [4]-[8], [11] related to states passively, the
real controllers in parallel control extend to a virtual space
and are produced by a parallel system relative to practical
models. To some extent, parallel control can realize virtual-
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reality interaction. In recent years, some parallel control
methods have been developed, such as LMI-based parallel
control method [12], output-regulation-based parallel control
method [13], slide-mode-based parallel control method [14],
and backstepping-based parallel control method [15].

A parallel control method is devised by utilizing a dis-
tributed Nash equilibrium seeking approach for consensus
maneuvering of uncertain multi-agent systems guided by a
parameterized virtual leader herein. The model of the agent is
in the strict-feedback form and subject to unmatched uncertain
nonlinearities. At first, each cost function is constructed via
the control objective of consensus maneuvering, the Nash
equilibrium is obtained by calculating the partial derivative of
the cost function. Then, a neural predictor is developed based
on a distributed cooperative learning approach. Next, virtual
control laws and a parallel control law are designed by using a
dynamic-surface-control (DSC)-based parallel control design,
where a linear tracking differentiator (LTD) is constructed
to estimate the derivative of virtual control laws. At last,
we design the update law by using the distributed consensus
maneuvering error feedback. The resulting consensus maneu-
vering closed-loop is analyzed to be input-to-state stable (ISS).
Outputs of agents converge to Nash equilibrium as far as
possible.

II. PROBLEM FORMULATION

The agents can be regarded as the players in the distributed
game. The index of these players is 1, ..., M. For the ith player,
consider the dynamics in the following strict-feedback form

i‘i,k = Tik+1 -i-f]C (i'i,k)7 k=1,...n—1
j7l,n =u; + fn (jz,n) (1)
Yi = Tq1

where z;; € Rwith [ = 1,.n, ;,, € R, u; € R, y; €
R represent the state, the input, and the output, respectively,
Ty = [:Ei’l, ...,{L‘iyl}T € R! with [ = 1,..n, and fi,l(fi,l) with
[ = n denotes the uncertain nonlinearities.

In the distributed game, we define N as the set of players,
7; € R™ as the action of the ith player, and .J;(7) : RM™ — R
as the cost function of the ith player with 7 = [r{,...,7%,]T.
Obviously, J;(7) is related to the action of the ith player
and its neighboring players during distributed gaming. By
regulating 7;, we can minimize .J;(7). We need minimize the
cost functions of all players spontaneously as

Ji(ri, m5;) = Ji(17,TE) @

where 7 is a Nash equilibrium solution, and 7%, =
[ i T, o Tag 1T When J;(7) is convex and con-
tinuous, there always exists a Nash equilibrium solution. The
Nash equilibrium 7;* satisfies 9.J;(7*)/01; = 0,,.

A directed graph G = (V,e,A) is introduced as the
mathematical tool to describe the property of communication
topology with a vertex set V = (n1,...,np), an edge set
e = {(n;,n;) € V x V}, and an adjacency matrix A =
[ai ;] € RM*M where n; is a node, and (n;,n;) € ¢ is a
directed information access from agent j to agent ¢. Note that
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if (n;,n;) € ¢, then a;; > 0, otherwise if (n;,n;) ¢ e. In
this work, there is no self connection such that a; ; = 0.

The Laplacian matrix of the directed graph G is defined
as L € RM*M .= D — A, where D = diag(dy, ..., dys) with
d; = Zje/\/’,- a; ; is a degree matrix and NV; = {j|(n;, n;) € e}
is a neighbor set of node . Similar to the definition of the fol-
lowers’ adjacency matrix, the adjacency matrix between play-
ers and the virtual leader is defined as B = diag(by, ..., bar),
where b; > 0 means that the node can be access to the leader,
otherwise b; = 0.

Assumption 1. There exists a directed spanning tree in the
topology.

The control objectives of consensus maneuvering include
the following two aspects

o Geometric objective: Define N; as the set of neighbors.

Players are to minimize the consensus maneuvering error
with their neighbors and the desired parameterized virtual
leader as

. 1 1
min ZjENzai,ji‘yi —y;2+ bié‘yi I C) )

o Dynamic objective: The path variable 6 satisfies a speed

assignment, which 6 nearly converges to a desired veloc-
ity signal v,:

lim |0 —v,| < 6 € RT. (4)
t— o0
Assumption 2. Assume that y,.(6) and y?(6) are bounded.

ITI. CONSENSUS MANEUVERING CONTROLLERS BASED
ON DISTRIBUTED NASH EQUILIBRIUM SEEKING

A. Distributed game model for consensus maneuvering of
multi-agent systems

For the ith player, we can define the following cost function

1 1
ly: — y; > + bi§|yi —u(O)F  ©®

Jily) = ZjENiai,j5

where y = [y1,...,yn]T. Due to J;(y) being continuous and
convex, there exists a Nash equilibrium.

Then, we can take the partial derivative of J;(y) related to
Y;, one has

0Ji(y)
0y;

where i € N

Defining J4(y) = [(0J1(y)/0y1), ., (0Tn (y)/Oym)]"
Eq. (6) can be further transformed into a vector form

Jy) = (L+B)y—b®y,(0) (7

= Yjen; i (yi — yj) +bi(yi —y-(0))  (6)

where b = [by,...,bar]T.
Letting J%(y) = 0j7, we can calculate the unique Nash

equilibrium y* as
Yy =(L+B)"bey.(9) ®)

where y* = [y, ..., yi]) 7.
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B. Neural predictor based on cooperative learning
Step 1. Defining J¢ = 9.J;(y)/dy;, J¢ along (1) satisfies

JE = (di +b;) Tio — Sjen,aijTjo ©)
— byl (0)0 + g1 (i1, 751)
where d; = Xjeniaij, and gia(xia,751) = (di +

bi) fi1(@i1) —bifj1(xj1). Then, a neural network is utilized
to approximate g; 1(z1,;,1):

= Wiﬁ%,l(ﬁm) +€in

where W; 1 € R™ denotes a weight value matrix of the output
layer satisfying [|[W; .|| < W;", with W}, € RT, p;1(-) € R™
denotes the output of the hidden layer consisting of Sigmoid-
like activation functions, &1 = [x; 1, xjyl]T denotes an input
vector of neural network with j € NV, and €; 1 € R is an error
with |e;1| <ef, and f; € RT,

Then, a neural predictor for (9) is designed as:

jld = ( i + b)J?Z 2 — E%Mai’jxj,g — blyf(G)G
+Whein (&) — (g + pi) (I = T

where (;; € RT denotes a tuning parameter, p;; € RT
represents a control gain, and Wi,l € R is an estimation of
Wi,l- )

We develop the following update law of W;; by using a
cooperative learning approach

Wi,l =—Tialpin (&) Jd + )\i,IWi,l
+hw, Sjenai;(Wig — T

g (i1, 251) (10)

an

(12)
W)l

where I';; € RY, \;; € R, ky, , € R are tuning parame-
ters, and Jd Jd Jg.

Step k. According to (1), recall the dynamics of x;j as
follows

Tike = Tigr1 + fu(Tik) (13)

By using a neural network, fi(Z; ) can be recovered as

fr(Zig) = (14)

where W; ;; € R™ denotes a weight value matrix satisfying
Wikl < Wi with W € R, ¢;1(-) € R™ denotes
the neurons in the hidden layer consisting of Sigmoid-like
activation functions, & , = Z;j denotes an input vector of
neural network, and ;) € R satisfies [e;x| < e}, with
7, € RT being the upper bound of &; .

‘Then, we can design a neural predictor for (13) as:

z k% k(gz lc) +51 k

Tig = Tigr1 + W kPik(Gik)
— (Cik + Pik) (T k

where (; x € R" denotes a tuning parameter, p; , € RT is a
control gain, and Wlk € R™ is an estimation of W ;.

Based on a cooperative learning approach, we can develop
the following update law for WM as

15
i) (15)

Wik = — Dirlpir(Er)Tir + Nix Wik

. . (16)
+kw,  Sjeniaij (Wi — W)
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where I'; ), € RT, X\, € RT, and kw,, € RT, and &5, =
Tik — Ti k-
Step n. Recall the dynamics of x;,, as follows

ii,n =u; + fi.,n(i‘i,n)- (17)

Letting 2; 41 = Wi + fi.n(Tin), the dynamics of x; 5,41 is
yielded by

Eint1 = Wi + Fi(Tin) (18)

where F;(Z;,) = X 1‘%6’;7(30;")3:”

Similarly, we can use the following neural network to

recover F;(Z; ) as
Fl(‘i‘l,n) = WzTn@z,n(gz,n) + Ein

where W, ,, € R denotes a weight value matrix of the
output layer satisfying [[W; .|| < W, with W}, € R¥,
©in(-) € R™ denotes the neurons in the hidden layer
consisting of Sigmoid-like activation functions, &;,, = Z;n
denotes an input vector of neural network, and ¢;,, € R
satisfies |e; | < e}, with &7, € R™ being the upper bound
of €.
A neural predictor for (17) is devised as:

(19)

s

ji,nJrl =1 + Wz n¥i, n(gz n) (20)
— (Pin+1 + Cint1)(Tins1 — Tin+1)
where (;,+1 € R denotes a positive tuning parameters,
pin+1 € R denotes a positive control gain, and W; ,, € R™
is an estimation of W ,,.
By using the cooperative learning approach, we can develop
the following update law for W ,, is updated as

Fi,n [(pi,n (gi,n)ji,n—ﬁ—l + )\i,’n Wi,n

W’i,n = -
+ kw Sen i (Win — Wjn)]
€ RT are tuning

where T;,, € RT, \;, € RT, and ky,
parameters, and T; ,, = Zi.p — Tin.

Deﬁning WiJ = WiJ — Wi71, Wi,k = Wi’k — Wz %, and
Wi,n = Wm — Wi », and the subsystem consisting of J Til,
Tin+1» VNVZ-,l, W,-J, and Wm is given by

T =—(pig + Gia) I+ Whe(&n) —ein
?i,z = —(pig+ Ci)Tig + ngsﬁ(fz‘,l) — €4
_(pi,n-tl + Cint1)Tint1

. W%‘P(fi,n)
Wir=-Ti1leir(&1)Jd+ N\, 1Wz 1

2n

i,mn

LTin+l =

—E&in

. (22)

+ kw, 1 Yien; azy(Wzl W; l)]
W zz[¢zz(€zz)$zz+/\lezz

+ kW Yien; az,](Wz 1 — W; ,l)]
W =TIy n[% n(&in)Ti, n+1 + A an n

+ kwl,nzjej\flam(wz,n - WJ, )]

where [ = 2,...,n — 1. Consider the following lemma:
Lemma 1. The subsystem (22) is ISS.
Proof. Consider the following Lyapunov function candidate
for the subsystem (22) as V, = +%M Z"Jrllel +
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izM En W ZF”1W”, where #;, = 0. The time
derivative of V, satisfies V, < —Apn(p + QX[ —

(Amin (A) + Amin (k) Amin (£ ))IIW||2+II5(2HIIEII+( max (A) +
max(kw)Amax( NIWIIWI < —cr|EI* + || E|]| 2], where

X = [T, %12, .0, 71, Ly e J]\{7IM27-~‘ax]\/~I,n+1]T,
w = [W1,1a~ len,.. WMJ,...,W]\TLn]T,
€ = [51,17'~-a€1,7u'~-7€M,17-~-7€M,n] 5
W; = WL s W s Wi Wi LTT,
p = diag{p1.1, s Plins s PM,15 s PMn )5
¢ = diag{C1,1, - Ctyns ooy CM, 15 - Catn }s
A = diag{)\l’l,...,Al,n,...,AM,l, ~~-7)\M,n}7 and
k‘W ~= ~ diag{kwlyl, "'7kW1,m "'7k'W1W,17 ""kWJM,n}'
E=[IXI W, b = [llell Amax(X) + Amax (N [W ],
and C1 = min{)\min(pi + Ci)y()\min()\i) + )\min(ﬁ))}

Since [|[E|| = ([le]l +(Amax(Ai) + Amax (L)) W) /mer >
|R]| /n1c1 makes V,, < —(1 — ) , where 0 < m < 1,
we can prove the system (22) to be ISS. Consider
Kp1 () = Amin (P) 2/2 and ’%2( ) = Amax (P) 52/2
with P = diag(1, T 1, T o Tt Tt ),
and there exists a KL function «;(-) and Koo
functions x°(-) and k" (:) satisfying |E(t)| @<
ar ([|E (o)l —to) + &° (HEH) " awi. Where
KE (5) = (5 vV )\max (P 77101 \/ min ) and ”f ) =
(S(Amax()\) + Amax(‘c) \/ max /(771 C1 \/ min )
Though we prove the the proposed cooperatlve learning-
based neural predictor is ISS. But it should be that the
proposed predictor is only suitable for consensus maneuvering.
Because containment maneuvering has multiple parameter-
ized virtual leaders, the how to design a similar cooperative
learning-based neural predictor for containment maneuvering

is still open.

C. DSC-based parallel control law

Step 1. We consider 6 satisfying O=v, — w. The dynamics
of J¢ is rewritten as:

T = (di +bi)win — Zjen.aijzs o — biyh (0)(vs
+ Whein (&) — (Cia + pin)Je
where the definitions of vs and w are same with Section II.
From (23), we develop the first virtual control law «; 1 as
1
d; + b;

) (23)

{ Pi, 1<] +EJEN Q4,552

+ byl (O)vs — Wfﬁﬂi,l(&,l)}-

Without utilizing the first-order low-pass filter in the tradi-
tional DSC method, a second-order LTD is employed in DSC
method as follows:

(&%)
T (24)

bi1 = vy,
{ Uiil = _;Yiz,l[(viyl —ain) +2(vy /7)) @)
where ;1 € RT denotes the time constant of TD.
We substitute (24) into (23), and it follows that:
jzd = pi.,ljzd - Ci,ljid + bzyf(e)w (26)
—(di +b)Tio+ (di +bi)2i2+ i
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where 5’1’,2 = i’z’,z — 14,25 L1 = Vi1 — QG and |Ui,1 - ai,1| <
oy with f; € RT.
Step k. Construct a new error surface Z; = Z; 1 — Vi k-1,
and take its dynamics as follows
Zik = Tik+1 + W ki k(&ik) — Vi 1 @7

— (Gik + Pik)(Tik — Tik)

Then, we construct the kth virtual control law «; ) to
stabilize (27)

d 57T
ik = —pikZik T V1 — Wippik(&ik) — eik—1. (28)
where ¢; 1 = (d; + bz-)jid and €; x 1 = Zi k1.
Similarly, an estimated derivative v, related to o; j, can be

obtained by the following second-order linear TD as

'l')i,k = ngy
{ iy = 2l —a) + 208 )
where ; . € RT denotes the time constant.
Then, it follows that by taking (28) into (27)
Zip=— /ji,kéi,k — GikTi ke — Tj g1 30)
+ Zik+1 — €ik—1 T Lik,

where 2; g1 = $pp1— Vi ks Lik = Uik — 4k, and and ¢ 5| <
* . * +
ik with Ly € R™.

Step n. Letting 2; , = T p

Z;n as follows

— V;,n—1, consider the model of

Zin = Tin+1 — Vjp_1- (31)
Then, we can obtain the following virtual control law
2 d
Qjn = —Pincin — fin—1 + Vin—1 (32)

where p; , € RT.
Similarly, an estimated derivative v
be obtained by the following TD as

{ i =i,
Ui,n = _lyi,n[(v’i»”
where v; ., € RT.

The dynamics of Z; ,, is further transformed via substituting
(28) into (31) into

n related to o, can

(33)

- ai,'n) + 2(vg,n/'7i,n)]7

(34)

where t; ,, = v; 5, — Qi p, and [0; ] < oF,, with ¢f, € RT.
Step n+1. Define the following error surfaces z;,4+1 and

Zin = —PinZin T Zin+tl — Zin—1 1 lin

2i,n+1
Zj n+1 — = T, n+1 = vz n (35)
Zz n+1l — zz n+1 — Uin-
éi,n_i'_l is given by
éi,n—}—l - ’[117, + W n(pz n(&z TL) (pi,n+1 + Ci,n+1) (36)

vl
X xi7n+1 — Vin:
A parallel control law w; is designed for consensus maneu-
vering as follows:

. d T
Ui = = Pint1%in+1 + Vi1 — Wi 0in(&in)

37
+ Cint1Zin G7)

— Zi,n~
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Substituting (37) into (36), one has:

Zin4+1 = —Pin+1Zin+1 — Pipn1Zin+1 — Zin- (38)

D. Update law for the virtual leader

The update of virtual leader is determined by its neighboring
followers. Therefore, the following update law is developed
with the information of its neighboring followers

{ 6 =v, — w,
w=—p YL, biyl(0)J¢
with 1+ € R being a positive tuning parameter

The error subsystem consisting of J s Ziks Zims and Z; 1
is summarized as:

(39)

Tt = —pind? = CiaJd + byl ()w
. —(di +bi)Zs0 + (di + b:)Zi 2
Zik = —PikZik — G kTik — Tikt1
+ Zikt1 — €ih—1 + Lik (40)
Zin = —PinZin + Zintl — Zin—1 7+ i,
Zint1 = pz n+12in+1 — Pin+1Zin+1 — Zin
w=—p Y, byl (0)J¢
where k= 2,...,n — 1.
Lemma 2. The subsystem (40) is ISS.
Proof. Define 7Z; = [J 212y s Bin—1, Zin, i nt1]T. Con-

sider a Lyapunov function V; = 1 Zi‘” \ZT Z;. Tts time deriva-
tive satisfies Vy < >\mm(P)HZ||2 + o3| ZIIXI[+ 121l <

“Amin(P)IZ]2 + | Z)||U2]. where Z = [Z1 sen Zig) T
L= (6115 LM 15 oo L1 0y LM T ez = Amax(C) +
di + by, and Uy = [e3]| X, [e]]”. Note that ||Z| >

(esllX + [leDll/n2Amin(p) > (1U2[l[l/12Amin(p)) makes
Vd < mln(p)(l - 772)HZ|| where 0 < 2 < 1. we
can prove the system (40) to be ISS with a KL class func-
tion (5(-) and two Ko class functions kX(-) and K*(-) as
1Z®)II < B2(1Z ko)l t = to) + (5™ (IX]1) + K ([[e]])). where
k7 (s) = (c38)/ (12 Amin(p)) and & (s) = s/ (12 Amin(p))-

Theorem 1. For the multi-agent system (1), the resulting
closed-loop system is ISS based on the cooperative learning-
based neural predictors (11), (12), (15), (16), (20) and (21),
DSC-based parallel control laws (24), (28), (32), and (37),
and update law for the virtual leader (39) under Assumptions
1-2. Moreover, the outputs of all agents converge to the Nash
equilibrium as far as possible.

Proof. The detailed proof process can be refered to [4], and
a biref analysis is given herein for saving space. The resulting
consensus maneuvering closed-loop is cascaded by subsystems
(22) and (40). These subsystems (22) and (40) have been
proved to be ISS, separately. The state of the subsystem (22)
X is an input of the subsystem (40). According to Lemma
4.7 in [16], we can prove the closed-loop to be ISS. Since JZ
and Ji have been proved to be bounded, Ji can be proved
to be bounded, too. Letting y = [y1, ..., yar]?, we obtain
Ji(y) = (L+B)y—b®y,. One has |ly—(L+B) by, (0)| <
|3%(y)||/Amin (L + B). Therefore, the outputs of all agents
can be proved to converge to the Nash equilibrium as far as
possible.
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According to properties of input-to-state stable systems, all
error signals in the resulting closed-loop is ultimate bounded.
Therefore, two objectives of distributed consensus maneuver-
ing is also satisfied.

IV. A NUMERICAL SIMULATION EXAMPLE

Consider an uncertain multi-agent systems shown in Fig. 1.
Two followers labeled as 1,2, and a virtual leaders labeled as
0. The virtual leader moves along y,.(6) = sin(6) with v, = 1.
The dynamics of the follower is given by

3 _ 2

Ti1 = Ti2 + 0.15£Ei11,

3‘31‘72 = u; + 0151‘1271 -+ COS($i72)7
Yi = Xi1-

(41)

The parameters used in the simulation are p; 1 = 10, p; 2 =
pi73 = 1, 'Yi,l = ’yi’g = 200, Fi,l = 10000, FLQ = 100,
)\,‘}1 = )\@2 =5x 1074, kWi,l =1x 1075, kWZJ =1x 1073,
G =90, G2 =19, u = 0.5. Fig. 2 shows that the output
trajectories of multi-agent systems can track the virtual leader
based on the proposed method. Fig. 3 demonstrates that the
unmatched uncertain nonlinearities can be estimated by the
designed NN. Fig. 4 plots the control input u;.

Fig. 1. The communication topology.

- = =y

0 2 4 6 8 10 12 14 16 18 20
Time(s)

Fig. 2. Output trajectories.

V. CONCLUSION

In this paper, parameterized virtual leader-guided consensus
maneuvering was investigated based on the distributed game
for strict-feedback multi-agent systems in the presence of
unmatched uncertainties. A distributed consensus maneuvering
method was proposed by using the distributed Nash equilib-
rium seeking approach and the DSC-based parallel control
method. The proposed distributed consensus maneuvering
method could minimize the cost function of consensus ma-
neuvering in the distributed game, and enabled the stability of
the resulting closed-loop system. At last, a simulation example
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Fig. 3. Learning profiles of NN based on the proposed method.

Time(s)

Fig. 4. Evolution of control input u7.

was carried out to verify the efficacy of the proposed consensus
maneuvering controllers based on distributed game and DSC-
based parallel control.

In future works, we consider extend this work to the follow-
ing aspects. Firstly, we will further consider the agent subject
to faults and DoS attacks. Secondly, we will consider data
corruption during the cooperative learning process. Thirdly,
safety of the parallel system is also our one of research
interests.
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