IEEE TRANSACTIONS ON SYSTEMS, MAN AND CYBERNETICS: SYSTEMSTRAN

Constrained Safe Cooperative Maneuvering of Autonomous
Surface Vehicles: A Control Barrier Function Approach

Wentao Wu, Graduate Student Member, IEEE, Yibo Zhang, Member, IEEE, Zhenhua Li,
Jun-Guo Lu, and Weidong Zhang, Senior Member, IEEE

Abstract—This paper investigates a constrained safe coop-
erative maneuvering method for a group of autonomous sur-
face vehicles (ASVs) with performance-quantized indices in an
obstacle-loaded environment. Specifically, an avoidance-tolerant
prescribed performance (ATPP) with one-sided tunnel bounds
is designed to predetermine the cooperative maneuvering perfor-
mance of multiple ASVs. Next, an auxiliary system is constructed
to modify performance bounds of ATPP for tolerating possible
collision avoidance actions of ASVs. In the guidance loop, nominal
surge and yaw guidance laws are developed using the ATPP-based
transformed relative distance and heading errors. A barrier-
certified yaw velocity protocol is proposed by formulating a
quadratic optimization problem, which unifies the nominal yaw
guidance law and CBF-based collision-free constraints. In the
control loop, two prescribed-time disturbance observers (PTDOs)
are devised to estimate unknown external disturbances in the
surge and yaw directions. The antidisturbance control laws are
designed to track the guidance signals. By the stability and safety
analysis, it is proved that error signals of the proposed closed-
loop system are bounded and the multi-ASV system is input-
to-state safe. Finally, simulation results are used to demonstrate
the effectiveness of the presented constrained safe cooperative
maneuvering method.

Index Terms—Underactuated autonomous surface vehicles,
avoidance-tolerant prescribed performance, control barrier func-
tion, cooperative maneuvering, safety-critical control.

I. INTRODUCTION

N recent years, autonomous surface vehicle (ASV), as a
kind of intelligent marine vehicles without human inter-
vention, has gained increasing attentions due to promising
maritime applications, such as ocean exploration, surveillance,
mapping, and transportation, to name a few [1]-[5]. To
enhance the capability and effectiveness of accomplishing
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missions, a group of ASVs are driven to implement the
cooperative operation for a collaborative behavior by sharing
their own information with other individuals. The typical
cooperative patterns include consensus [6], containment [7],
flocking [8], target enclosing [9], target tracking [10], for-
mation [11], [12], etc. The primary challenge of cooperative
control lies in devising the control protocol for every ASV to
establish and maintain a predefined geometric configuration.
For ASVs in the sea, it is difficult to achieve the cooperation
task owing to model nonlinearities, parameter uncertainties,
and external disturbances. Consequently, the existing research
results on cooperative control have been investigated in [13]—
[18]. In [13], [14], the spatial-temporal cooperative control
schemes with path maneuvering techniques are proposed based
on the approximated vehicle kinetics from echo state network
(ESN)-based estimators. In [15], the approximation speed of
ESNs is improved by integrating the accelerated learning
technique. Besides the adaptive approximation methods [13]-
[15], extended state observers (ESOs) are also employed to not
only estimate disturbances but also recovery states. In [16],
[17], finite-time ESOs (FTESOs) are presented to obtain the
fast estimation ability. In [16], an FTESO-based even-triggered
control scheme is derived to degrade the communication
burden of multi-ASV containment task. In [17], the robust
exact differentiator-based FTESO is developed to estimate the
velocity information of leader vessel within finite time. In [18],
the cooperative dynamic positioning of ASVs with multiple
operating points is performed by developing a network-based
control scheme under the fixed topology. The aforementioned
controllers can force cooperative errors to converge to a resid-
ual set. Note that convergence rate and state-steady accuracy of
cooperative errors are not explicitly preconfigured to a safety
region, which may degrade the multi-ASV system reliability.
To explicitly depict the performance constraints, [19] pro-
poses the prescribed performance control (PPC) for MIMO
nonlinear systems to obtain the desired transient and steady-
state indices by predetermining behavioral functions. There
are many research results on PPC applications to marine
vehicle systems [20]-[28]. In [20], by using disturbance
observers (DOs), a PPC-based distributed control method is
proposed to perform the containment formation of multiple
ASVs under unknown external disturbances. In [21], [22],
high-gain observers-based adaptive output-feedback control
schemes are presented for ASVs with unavailable velocities
to achieve performance-prescribed trajectory tracking. In [23],
[24], input and output constraints of ASVs are considered in
the distributed cooperative control by constructing the adaptive
fuzzy state observers. In [25]-[27], the trajectory tracking
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control of ASVs with prescribed performance and actuator
faults are derived using the fault compensation approaches. It
should be pointed out that these methods do not address the
safety problem of multi-ASV system, i.e. vehicle avoidance
and obstacle avoidance.

In an obstacle-loaded ocean, the safe cooperative oper-
ation of multiple ASVs is critical and challenging due to
encountering vehicles and dynamic/stationary obstacles. Some
collision avoidance strategies have been reported including
differentiable function [29], vector field [30], potential func-
tion [31]-[33], PPC [34], [35], and control barrier functions
(CBFs) [36]-[39], to name a few. In [30], a topology-switched
containment maneuvering method is devised using the vector
field approach for tackling inter-ASV collisions. In [36],
[37], [39], CBF-based collision-free protocols are derived by
formulating a optimization problem to avoid encountering
ASVs and obstacles. In [34], [35], collision-free constraints
are incorporated into the PPC control framework, and a leader-
follower formation method is designed to not only obtain
guaranteed performance but also avoid inter-vehicle collisions.
Along with precision and inter-vehicle collision avoidance,
[32], [33] also avoid collision with stationary obstacles by
introducing potential functions. It is worth noting that these
PPC methods [32]-[35] cannot ensure the safety of multi-
ASV formation subject to encountering ASVs and dynamic
obstacles. Although CBF-based methods can deal with afore-
mentioned collision-free scenarios, transient and state-steady
performance of tracking errors are ignored. For existing PPC
and CBF methods, it is a difficult task to simultaneously meet
performance and safety constraints because inflexible bounds
have poor tolerance for fluctuating errors.

Motivated by the above discussions, this paper aims to
develop a constrained safe cooperative maneuvering method
for multiple underactuated ASVs subject to dynamic and
stationary obstacles. The main contributions of this paper are
detailed below.

o In contrast to cooperative control methods [13]-[18],
[20]-[31], [36]-[39] without simultaneously consider-
ing output and safety constraints, this paper develops
a constrained safe cooperative maneuvering method for
multiple ASVs in an obstacle-loaded environment. Dif-
ferent from [6], [32]-[35], the cooperation safety of the
multi-ASV system subject to dynamic obstacles is also
guaranteed using the developed yaw velocity protocol
based on second-order CBFs.

e In contrast to PPC and TPP methods [20]-[28], [32]-
[35], where behavioral functions are possibly violated due
to collision avoidance, this paper designs an avoidance-
tolerant prescribed performance (ATPP) capable of en-
larging or recovering error bounds. The designed ATPP
establishes a trade-off mechanism between tracking errors
and output constraints by constructing auxiliary systems
associated with safety constraints.

o In contrast to DOs and ESOs proposed in [29], [33],
[40]-[46] with asymptotic, finite-time, or fixed-time con-
vergence abilities, the prescribed-time DOs (PTDOs) are
designed to estimate unknown disturbances within a
predefined constant. The setting time of designed PTDOs

is independent on initial values.

This paper is organized as follows. Section II introduces
preliminaries and problem formulation. Section III designs the
constrained safe cooperative maneuvering controller. Section
IV gives the stability analysis. Section V provides simulation
results. Section VI concludes this paper.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Preliminaries

1) Notations: Throughout this paper, £, #™ and R™*"
represents a positive real space, an m-dimensional Euclidean
space, and an m xn-dimensional Euclidean space, respectively.
0., and 0,,x, denote an m-dimensional zero vector and a
m X n-dimensional zero matrix, respectively. diag{---} is a
block-diagonal matrix. || - || denotes the Euclidean norm of a
vector. A(-) and A(+) represent the minimum and maximum of
a symmetric matrix. ® denotes a Kronecker product.

2) Graph theory: This paper considers a system containing
M ASVs, (N — M) virtual leaders, and one super leader.
The information transmission among them can be depicted
via a graph G = {N,V,E, A}, N = {ng,...,ny} denotes
the set of all nodes. V = {V¥ VL V5} is a vertex set with
VF = {nl, ...,TL]V[}, VL = {TLM+1, ...,nN}, and VS = {no}
€ = {(ni,nj) € V x V} is an edge set to describe the
information flow among nodes n; and n;. To depict the
neighboring relationship, the neighborhood set of node n;
is defined as N; = {NI ,NE NP} with NF = {n; €
VE|(niyn;) € &}, NEF = {n; € VE|(ni,n;) € €}, and
NZ = {n; € V¥|(ni,n;) € &} A € RWFDXWVHD g an
adjacency matrix with A = [a;;]. If node n; can acquire the
information flow from node n;, i.e. (ni7nj) €&, a; =1,
otherwise, a;; = 0. The graph V is called as the undirected
graph if a;; = a;;. D € RWFDXWVHD g 3 degree matrix
defined by D = diag{d;} with d; = >\ a;;. A Laplacian
matrix £ € RWVHDX(V+1) s devised as

0 0%, Ls
L=D-A= |0y Li L (1)
Vo

where Lo, € RE-Mx(N-M)  p ¢
£2 c %J&IX(N—J\I)’ and ES c §R1><(N—JW).

MxM
MM

3) Prescribed-time control: To obtain the prescribed-time
convergence property, a time-varying scaling function is de-
fined as [47]

Tb
p(t) = { TFo=0% bost<th )
1, t <t
where b > 2 and t; = ty + 1 are any user-set constants.
Note that u(t)~*(» € R*) is monotonically decreasing for

)
t € [to,t1), p(to) > =1 and lim,, - u(t)=* = 0. Besides,
one has fi(t) = b/Tu'*t'/® for t € [to,t;) and fi(t) = 0 for

te [tl,OO).

Lemma 1 ( [47]): Consider a system @(t) = f(x(¢),t),
t € RT, o = x(tp). Construct a continuously differentiable
function V(z(¢),t) : U x Rt — R with U C R™ being a
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Fig. 1: An illustration for safe cooperative maneuvering of a
group of ASVs in an obstacle-loaded environment.

domain including the origin. If there exists a constant k € R™
such that V(0,t) = 0, V(z(t),t) > 0 in U — {0}, and
V = —kV — 24/uV in U on [tg,00), then the origin of
system z(t) = f(x(t),t) is prescribed-time stable. It holds
V(t) < p=2e k=) V (ty) for t € [to,t1), and V(t) = 0 for
te [tl, OO)

B. Problem formulation

As shown in Fig. 1, two reference frames, earth-fixed and
body-fixed reference frames, are employed to describe the
horizontal motion of M ASVs. For underactuated ASVs, it
usually ignores the heave, pitch, and roll due to the Xg-Zg-
plane symmetry [48]. Then, the model dynamics of ith ASV
is expressed as below

pi = R(pi)vi
i = Wy
. Miy dzu d
U; = ViWw; — w; + (Tzu -+ Tzu)
Miy ng gz
. m v d
V= — U W; — —V; + Tiv
My My d My
. My, — My LW d
w; = i U3 i + (Tiw + Tiw)
M Tw LW

3)

where i = 1,--- , M; p; = [z;,y;]" and ¢; denote the position
and yaw angle; v; = [u;,v;]T and w; represent the velocity
information in the surge, sway, and yaw axes; m;,,, My, and
My, are the masses and inertia, respectively; d;q,, d;y, and d;y,
are the damping parameters; 7;, and 7, stand for the surge
force and yaw moment, respectively; 7, 7&, and ¢, denote
the external disturbances; R(y;) is a rotation matrix with the
following property.

]T

Proposition 1 ( [28]): The rotation m;ltrix ‘R; is orthogonal
satisfying | R;|| = 1, R; ' = RY, and R; = w;SR; with
COSp; 10 -1
singp; }andS—[l 0 }

—singpi

Ri=
COS(;

Assume that there exist N, > 0 obstacles modeled as a
Euclidean plane zone O, € 2 with the center p, € #2, 0 =
1,...,N,. The boundary of zone O, is denoted by 90, € R2.
In this paper, the obstacle is assumed as to be circular with
00, = {p € R? | ||p — poll®> — r2 = 0}, where r, € R+
represents the radius of the oth circular obstacle.

Definition 1 (Obstacle avoidance zone): For an open set
Cio(pi) = {pi € R? | ||pi_poH2 < (ro+Robs)2} with Rgps > 0
being a user-specified constant, the obstacle avoidance zone
Ci(p;) is defined by Ci(p;) = UN°, Cio(p2).

Aside from avoiding obstacles, each ASV must also ensure
a safe distance from other ASVs to avoid collisions. Similar
to obstacles, each ASV can be enclosed by a circular zone
with a center p; and a radius r;, ¢ = 1, ..., M. Then, the ASV
avoidance zone for the ¢th ASV is defined as follows.

Definition 2 (ASV avoidance zone): For an open set
Sij(pi) = {pi € R* | llpi = p;lI> < (ri + 75 + Ruen)’},
j=1..,M,j # i with Ry, > 0 being a user-specified
constant, the ASV avoidance zone S;(p;) is defined by
Silpi) =Uils, i S (0i)-

Remark 1: Even if an obstacle or an ASV is not circular,
possibly even having nonsmooth edges, a circle with the
smallest radius enables the obstacle or ASV to be enclosed.
Although the larger Rops and Ry, are to be desired for safety
purposes, the overlarge values may lead to some unnecessary
sacrifices in cooperative performance. Then, the selection of
these parameters is recommended to hold a trade-off between
safety and stability. The collision-free protocol designs based

on circular obstacles have been widely used in multi-robot
systems [34], [49], [50].

In order to achieve cooperative behavior of M ASVs guided
by (N — M) virtual leaders, a series of parameterized paths
are first defined as follows

Pra(0%) = [2ka(0r), yea(O)]" € R2 4

where k = M + 1,--- ,N; 0, € [0,1) is a path vari-
able. Suppose that pg,.(6)) and its partial derivative pZ’; =
Opkr(0)/00), are bounded. Some necessary assumptions are
given as follows.

Assumption 1 ( [14]): The graph G is undirected and has a
spanning tree with the super leader being a root node.

Assumption 2 ( [43]): The external disturbances for each
ASV are bounded, ie., [|7¢] < 7¢ € Rt with 7¢ =
T

For practical ASV systems, external disturbances are caused
by winds, waves, and currents with the limited energy. Thus,
Assumption 2 is reasonable.

In an obstacle-loaded environment, all ASVs not only
execute the graph-defined cooperative pattern but also ensure
the their own safety. In what follows, this paper aims to
develop a performance-prescribed collision-free cooperative
maneuvering method for underactuated ASVs such that:

1) Cooperation objectives:
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o Geometric Objective: Conduct each ASV to converge to
a convex hull spanned by virtual leaders, i.e.

N

pi— Y Bripra(Ok)

k=M+1

< Eip € §R+ (5)

where 8; € RT is a constant with ZkN=M+1 Bri = 1.
e Dynamic objective: Force each virtual leader to complete
the velocity task and phase task, i.e.

Velocity task: [0 — vs| < epor € RT
Phase task: 10k — 0o — Pr| < epoz € R
where k = M + 1,...,N; vy € R denotes the update

velocity of path variable 6 for super leader with 0o = vs:
Pr. € R is a user-predefined deviation.

2) Safety objectives:
e Avoidance collision: Hold each ASV away from ASV
avoidance zone, i.e.

e Avoidance obstacles: Keep each ASV away from the
obstacle avoidance zone, i.e.

Di ¢ Cio(pi)a 0= 17 "'7N03 Vt Z tO- (8)

(6)

III. CONSTRAINED SAFE CONTROLLER DESIGN

In this section, we present a constrained safe cooperative
maneuvering method for underactuated ASVs by developing
performance-prescribed guidance laws, a barrier-certified yaw
velocity protocol, and PTDO-based control laws.

A. Performance-Prescribed Guidance Laws

To achieve the cooperative maneuvering guided by multiple
virtual leaders, a distributed error p;e = [T, yic|T for the ith
ASYV is defined as

pie= Y aij(pi—p;)+ > a(pi — pra(Ok)). ©)
JENF keNE
With the error vector p;., a guidance heading angle ;q €
(—m, 7] is obtained by

Yia = atan2(Yie, Tie) — 7sign(Yie) (10)

where atan2(-,-) € (—m, x| is an inverse tangent function.
Then, the relative distance z;; and the heading error z;o are
presented as follows

21 = ||piell
Zi2 = Yi — Pid-

In order to allow users to preset performance indices of
cooperative maneuvering, we propose the avoidance-tolerant
prescribed performance (ATPP) to force errors z;; and z;o
with respect to

an

—2ly — Ay < Zip < 2y + Al b=1,2 (12)
with
zip, = [0, + sign(zip(to))]piv — pico sign(zip(to))

I L . 13)
zip = [0 — sign(zip(t0))]piv + pico sign(z(ivto))

where 0 < 60,6}, < 1 are scale parameters; p;(t) is a
monotonically decreasing function defined as p;, = (pip,0 —
Piboo)e w0 oy o with pino = pin(to)s Pibeo =
limy—o0 pin(t), pivo > Pib,ee > 0, and v > 0; AL, > 0
and )\éb > 0 are non-negative adjusted variables to elimi-
nate the limitation of inflexible bounds. Note that the initial
errors z;1(to) and z;2(tg) satisfy the ATPP constraints, i.e.,
0< Zﬂ(to) < Zl-rl(to) and —2{2(750) < Zig(to) < Z&(fo) for
pi(to) & Ci(pi) USi(pi) with i € VE.

Based on the PPC methodology [19], a nonlinear mapping
from original error z;, to transformed variable &;;, is formu-
lated as below

ziv = 0.5(2p, + 24) T (&) + 0.5(2), — 24y) (14)
where zI, = =zl + A, and zl, =zl +AL; T(&)
(—00,00) — [—1, 1] is a smooth and monotonically increasing
function.

With the error transformation function Y(&;) =

2/ arctan(&;p), the corresponding unconstrained variables &;;,
for z;;, is yielded by (14),

2z — 2] L
Ep=T71 (Zibagirbvééb) = tan <7szsz+zw> . (15)

Let Fy = Op/0zip, Fly = 0€u/0%, and Fly =
afib/agéb, and take the derivative of &;;, along (15) as
&ib = Fivkin + Fiy (2 + Xiy) + Fly (2, + ALy). (16)
Since pic/||picll = [cos(pia + msign(yic)),sin(pia +

msign(yie))]T = [~ cos(giq), —sin(p;q)]? and cos(zio) =
1— 2sin2(zi2 /2), the derivatives of z;; and z;5 are taken as

5
2:’7;1 = 7d1', |:U7 — 2U7 SiIl2 (%) — V; Sil’l(Zig):I
T
P S apRuvi+ Y anpliv
Ipicl gt P
N jenT keNE (17)
-y aikpzlfjwk]
keN}F
Zio = Wi — Pid

where dz = Zje/\/f Q5 + ZkENiL Ak

In what follows, we design a first-order auxiliary system
to update variables A7, and A,. Considering the unknown
direction of error changes caused by collision avoidance, the
auxiliary system is constructed as follows

{ :b =— Fan/Fip(—ravAip + Gp),  Aip(to) =0 (18)
N = Fin/ Fip(—rinhip + Gy)s - Ay(to) =0
where x is a positive constant; G%y(zip) = GY(zi) =

V1, jzio=1,..n,IPi = Poll = (ro + Rons) < 0V Ipi —
pjll = (ri + 75 + Ryen) < 0]TL;p sin(m/2 % | 2| /ILip).
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To drive errors z;; and z;o to converge under constraints
(12), the surge and yaw guidance velocities o, and a;,, with
(16), (17), and (18), are presented as follows

1 1 T AT T
Qi :E{JJ (K& + Fhzh) + rin(Aj — Aly)
Die 0
- ||p2»6|| { Yo ayRuyi+ Y aikpk]:jvs] (19)
N jeNF keNE
+ 2u; sin? (%) + v; sin(zig)}
1 . . ;
Qiw = = == (k’fwfm + Fiaia + fz‘lzzfz) + ia
i2 (20)
+ Ri2 ()\fz - )\£2)
where kY, k7 € RT. Note that it always holds z;; > 0 by

the definition of the relative distance in (11). Thus, z}; is set
to zero, and one has Z}; = 0.

To coordinate with ASVs and virtual leaders, the path
variable 6, for the kth virtual leader is updated by

O = vs — @, = Vs + Lu, (21)
where 1, € R is a constant; ¢y, = ¢ — P With
_ pg; (X
b= Y ariFiuTopiiéin
2 T
1eN, (22)
Pr2 = Z a0k + aroOke
leNt

where 0, = 0, — 0, — Py and O, = 0, — 0y — Pp, with
Pri = Pr — P; represent the coordination errors between
virtual leaders and between virtual leaders and the super
leader, respectively.

Combining (19), (20), (22) with (18), (17), (16), and (21),
the kinematic error dynamics can be given by

T

: D; 6

§in = —kj,&n — Fa (diuie — T Z aikpk’élwk)

”pzen keN'T
iz = =k}, iz + Fiowie
Ope = —k
(23)

where U = U; — (i, ANd Wi = W; — gy -

B. PTDO-Based Antidisturbance Control Laws

For underactuated ASVs, we only consider its surge and
yaw dynamics expressed as below:

; (Tii + Tiu)
T (24)
(Tgu + Ti’w)
LW

U = 0o (s, v, W) +
W = O (g, V5, W) +

(mwviwi — dwul)/mw and
diww;] /My, are avail-

where o0y, (Ui, vi, w;) =
a1y 109) = (15— 10—
able functions.

Based on the simplified model (24), two auxiliary variables
Ciw € R and (;,, € RN are introduced to construct the reduced-
order disturbance observer. To improve the estimation perfor-
mance for external disturbances 7¢, and 7¢ , the following
PTDOs with (2) are developed as follows

Fiu !
7, = kAT + K +kED,
"

Ciu = O (s, Vi, w;) + —— (31l + Tiu)
2 - (25)
~d lo 20 v 30 M
Tiw = kiwriw + kiwi + kiwil—‘i’w
‘riw‘ + Ajo 1

o (%zdw + Ti’w)

Tw

<iw = O (Ui, Vi, w;) +

where 74, € R and 7, € R represent the estimation values of
78 and 74, respectively; Ty, = u; — Ciy and Ty = w5 — G
kloe RY, k20 € RT, k30 € RY, kl2 € RT, k22 € RT, and
k3o € R are observer gains; A;, € RT and A;, € R are
small scalars.
Define z;3 = u;e and 2,4 = w; —a;,, and take the derivatives
of z;3 and z;4 along (24) as
. 14 .
Ziz = O (Ui, Vi, wi) + —— (T + Tiw) — Qi
Miu (26)
(Tidw + Ti’w) - O‘;kw

Zia = O (Ui, Vi, W) + —
Tw
With antidisturbance rejection control technique, the surge
and yaw control laws based on PTDOs (25) are devised as

Tiw = Miw |~k 2ia — T (Wi, 05, 0;) + &y — 7

{ Tiw = M [—kSy2i3 — i Uiy iy wi) + Q] — 731
K4

27)

where kf, € RT and kf,, € R" are control gain constants.
Substituting (27) into (26), the kinetic error dynamics are
presented as

1
3 c ~d
Zi3 = —kiyzis + T
P (28)
. c -
Zia = —kj,zia + ——Tjy
Miw
s ~d _ d _ ad ~d _ _d ~d
with 7, = 75, — 75, and 7, = 75, — Tiw-

C. The barrier-certified yaw velocity protocol

In the previous subsection, performance-prescribed surge
and yaw guidance laws have been developed for underactuated
ASVs. The proposed guidance laws (19) and (20) are viewed
as nominal guidance laws for stabilizing the relative distance
and heading errors, which cannot ensure the safety of multi-
ASV system. Thus, this part will present a barrier-certified
yaw velocity protocol to modify the nominal guidance laws
for the safety of multi-ASV system.

Before designing the barrier-certified yaw velocity protocol,
rewrite the kinematic dynamics of ASVs as follows

pi | _ | Rilpi)vi 02 ‘
[szl_{ 0 }jL[l o
—_—————  ——
fi gi

In order to ensure no collision with the oth obstacle, the ith
ASV is forced to leave obstacle avoidance zone described by

(29)
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Definition 1, i.e. p; ¢ Cio(pi) for V¢ > to. Motivated by the
set invariance [51], a set C;,(p;) for the ith ASV is defined
below

Cio(pi) = {pi € R* | hio(pi) > 0}

where C;,(p;) is regarded as a complement of Cj,(p;);
hio(pi) = ||pi—Pol|*—(ro+Robs)? is a control barrier function.

Because the first-order derivative of h;, along system (29)
does not contain the velocity signal w;, h;, is regarded as a
second-order CBF for system (29) by the definition of relative
degree [51]. Next, the following sets C;, 1(p;i), and Cip2(p;)
are presented as

Cion(pi) = {pi € R? | Xioo(pi) > 0}
Cio2(pi) = {pi € R* | Xio,1(ps) > 0}
where ;o0 and xj,1 are the differentiable functions ex-
pressed by Xio,0(Pi) = hio(pi) and Xio1(Pi) = Xio,0(Pi) +
Bio.1Xio,0(pi) With Bio1 € RT. Then, the forward invariance
of Cio.1(pi) can be guaranteed if the set Cp1(pi) N Cio2(p:)
is forward invariant [51].
To ensure the forward invariance of the set Cio1(p;) N
éio,g(pi), an obstacle-avoided yaw velocity constraint is
yielded as

(30)

€Y

Wi;o = {wl eR | L%hw + LgiLfihiowi
(32)
+ Oio(hio) + Bio2Xio1 > 0}

where 52 € RT; Lfci hio and Lg, Ly h;, are Lie derivatives
for system (29); O;,(hi,) denotes the remaining Lie deriva-
tives with the relative degree O or 1.

According to Definition 2, a set S’ij (pi), viewed as a com-
plement of S;;(p;), is defined to describe the safety objective
among ASVs as follows

Sij(pi) = {pi € R | haj(pi) > 0}
with h;j(pi) = |lpi —p;||> — (ri + 7+ Ryen)?. Similar to (31),

two sets associated with S;;(p;) are presented as
Sija(pi) = {pi € R? | xijo(pi) = 0}
Sij2(pi) = {pi € R | xijn(pi) > 0}
where xij0(pi) = hij(pi) and xi1(pi) = Xijo(pi) +

Bijaxizo(ps) with By, € RF.
Then, an ASV-avoided yaw velocity constraint is given by

(33)

(34)

Wij = {wi eR | L?ihij + Lg,iLfihijwi

(35)

+ Oij(hij) + Bij2Xija > 0}
where (2 € RF; L hij and Ly, Ly, hyj are Lie derivatives;
O;;j(h;j;) is also the remaining Lie derivative.

The barrier-certified yaw velocity for the safety of the ith
ASV must satisfy the constraint U;, N, 0 € {1,...,No},j €
{1, ..., M}\{i}. Thus, a barrier-certified yaw velocity protocol
is formulated by the following quadratic optimization

O‘rw =arg min J(wz) = ||wz - ain2
w; ER (36)
S.t. w; eWioﬁWU, 06{17--~7N0}7j€VF\{i}

where a7, is the optimal yaw velocity for stability and safety.

To facilitate the implementation of the optimization problem
(36), an online optimization technique is employed by a
recurrent neural network (RNN)

1 M+N,—1
W = 7;[VJ(wi) +a Y. omax{0,Zu(w)}] (37)

v =1
where €;,¢; € §R+; Eil(wi) = _L?fihij — LgiLfihijwi —

Oij(hij) = Bija(hij), 1 = 1, ... M — 1, Ey(w;) = =L} hip —
Ly, Ly, hiow; — Oio(hio) = Bio,2(hio), 1 = M, ..., M + N, — 1;
dmax{0,Z;(w;)} represents a piece-wise penalty function
defined as

VEZi(wi), Ea(w;) >0
Omax {O, Eil(wi)} = [0, VEH (wl)] ; Eil(wi) = 0
0, Eil(wi) < 0.

According to [54], the neuronal state w; of RNN (37) can
converge to the optimal solution «;,, within a finite time.

IV. MAIN RESULTS

In the previous section, constrained safe cooperative ma-
neuvering method has been proposed for multiple ASVs in an
obstacle-loaded environment. The section analyzes the stability
and the safety of the closed-loop system.

A. Observation Subsystem

Lemma 2: Under Assumption 2, when k2° > 7¢ and

20 ~ =d : d d :
k:o > 7, the disturbance terms 77, and 7). can be precisely

estimated by using proposed PTDOs (25) within a prescribed
time. Estimation errors 7¢, and 72 are prescribed-time stable.

Proof: Consider a Lyapunov function candidate as

1
Vit = i(miul—‘?’u +mils,)-

With (24) and (25), it takes the derivative of V7 as

(38)

Vit =miulin (= Giu) + M D (07 — Ciny)

Li f
=—T4u (kloriu k20 = k;‘o*riu -7 )
iu + R |F1u| + A + zuu Tiu

o ) Fiw ‘o/l
— L (kilwriw + kfwm + kprl“iw - ﬁu)'
Let I'; = [Fiu,Fiw]T, Kilo = diag{k}g,k}g}, Kiza =
diag{k22/(ITiu| + Aiw), K70/ (ITiw| + Aiw)}, and K30 =

diag{k3°, k3°}. Under Assumption 2, we have

U’ rw

Vit < = AE)Til|? = AT |

N _ 39)
— MEP)=|ITs]|* + FialI T -
I
When A\(K?°) > 7,4, it renders that
Via < = A = AGE) DT @0
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Since A(K32°) > m;
from (38) that

with m; = max{mi,, ms,}, it yields

. A Klo by K3o .
Vii < —2= (m )Vn— (m )MVzl

7 1 12

. (41)
MK e
_—27(_1 )Vil—QHViL
According to Lemma 1, it obtains
QAU

Valt) <p (e m V() (42
on t € [to,T1). It also implies that [|T;(¢)]] <

p2e=22E ) E=to) i | T (40)[| on ¢ € [to, Ty). Further, it
renders that lim, .- IT;(#)|| — 0. Then, we have V;;(t) =0

for t € [Ty, 00) and I' = 0 for t € [T1, ) Using (24) and
(25), the estimation error always holds 7¢ = [7d,74 1T =
M;T;. Hence, it infers that 7¢ = 0 for t € [T}, 00). O

B. Control Subsystems
Lemma 3: The kinetic subsystem (28) with states z;3 and
zi4 and inputs 7, and 7Z, is input-to-state stable.

Proof: Consider a Lypunov function candidate

1
HERE ) 3)

and take its derivative along (28) as

Vio =

. 1
V;'Q 2V (213213 + 224214)
= W(kzcu i3 + kiw 14)

+ 1 (1 =d 1
Zi3Tin
2Via ’

m Tw
<~ KV + —— |17 (44)
ﬁmi

where ki = mm{kw, kS, } and m; = mln{mw,mzw} From

B

(28) is input-to-state stable. O

Lemma 4: The kinematic subsystem (23) with states
&1, Eio, and Oy, and inputs u;. and w;, is input-to-state stable.

Proof: Define vectors 6. = [0(ars1)es - One]?s d1 =
[dr1)15 - On1]T, and @2 = [d(ar41)2s - 2] . Then, it
follows from (22) that

¢2 = HOe (45)
with H = Lo + By, where By is a diagonal matrix with

diagonal element being 1 only if the super leader’s information
is available.
Consider a Lyapunov function candidate V3 as follows

M
1 1
Vs = 2—31 5( AL+ 5937{93 (46)
Using (45), it takes the derivative of V3 as
M . . N .
Vs => (&Gnbin +&inkia) + > Shobke. (@7
=1 k=M+1

Along dynamics (22) and (23), it yields that
M

‘./3 :Z ( kg f kg f —d; ]:zlgzluze +-7:12§z2wze
i=1
N
+-F11€zl ‘ Z azkpkdwk) - Z (¢%1 — Ok )@k
kGNL k=M+1
M
== Z ( - kf k'g d 511-7'—11%9 + 512‘/.'.22“)29)
i=1
N
k=M+1
Letting & = [&i1,&0]T and ¥4 = [wie, wie]T, it renders
from (48) that
Vs < Z( AKDIEI? + dXFD Vi)
N (49)
- > wéi
k=M+1
where K7 = diag{k?,, k7, } and F; = diag{Fi1, Fiz}.
Define B = [¢7,47]7 and E = [¢7,07]7 with ¢ =

(€T, .. €5)T and ¢ = [prrs1s -y (;SN]T. According to the fact
that E* = AE where
A | IM® L2 Oaarx(v—nn)
b —H
Vi 0 Yiusnym 0
U= : : : :
VAN 0 U N 0
with Ui = apFapholsy/Ipecl, i = 1,..., M, k = M +
1,..., N, it further follows that
Vs < = cllE'[1* + A= E] 1]l ]| 9 | (50)
<= AWIEIP + A= B9 ]I,
where ¢ = ming—i ., k=M+1,.. ,N{)‘( Dl AF =
maX;=1,. M{A( i)} d = diag{d,0, deo} and 9, =
W7, 0]

For ||E|| > Az|d]|[|0e]l/(bcA(A)) with b € (0,1
Vs < —cA(A)(1 - D) E|>

), we have
(51

Note that u;e = zi3 and w;e = 2j4 + 00, — Q4w it gets that
u;e and w;. are bounded from Lemma 3. Further, it is deduced
that ¥, is bounded satisfying ||, || < J. € R*. Consequently,
it concludes that the subsystem (23) is input-to-state stable.[]

C. Optimization Subsystem

Lemma 5: For the underactuated ASVs with dynamic (3)
and safe velocity constraints (32) and (35), the sets @io(pi) and
Si;(p;) are guaranteed to be input-to-state safe for p;(ty) €
C_ (pz) and pz(tO) € S’L] (pz) ie. pi(t) € Cz’o(pi) and pi(t) €
Sij(pi), Yt > to.

Proof: Form Lemma 3, it is found that w; cannot asymptoti-
cally converge to o, affected by the bounded disturbance 7¢, .
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Thus, it ensure that C;,(p;) and S;;(p;) are input-to-state safe
in the presence of the bounded disturbance 7¢ . The slightly
larger sets associated with 7¢, are defined as below

C_{io 1(pi) = {pi € R | Xio0(Pi) + 0io 1 (|7 |o0) > 0}
Ci (i) = {pi € R* | Xioa(Pi) + Gio2(|7 o) = 0}
U S 1) = {pi € R% | xij0(pi) + 061 (|7l 00) = 0}
Sfi2(pi) = {pi € R | xija (i) + 0ij2 (|7l 0) > 0}

where 0i0,1(+), 0io2(-), 0ij,1(-), and ;;2(-) are class K

functiozls.
By C¢ ,(pi) and S’

17, 2P
Qi(pi) = {pi € R | Xioa(pi) >0, Xij.1(pi) > 0}

where Xio,1(pi) = —Via + LioXio,1 (Di) + lio0io2([| 7]l ) and
Xij1(pi) = =Viz + Lijxija(pi) + Lij0ij2 (7o) With €55 €
R+t and gij e Rt.

Using £ixSix 20ix 217 |o0) = 17811/ v/2m; with x = o, j,
the derivative of ;. 1 is put into

(52)

(pi), an extended set is expressed by

(53)

)L(z'*,l

= —Vio + Lis(Lf, Xixn + Lg, Xin 1 Wi)

= —Vio + lis (Lf, Xix1 + Lg, Xin1 (0, + 2ia))
> ky ‘/;2 - Ei*|Lgi X

=

L -d
L s
T 71

> (kj — Bix,2)Via — Bix,2Xix,1 — lix|Lg; Xin1%i4]

for p;(to) € Qi(p;). )

When Ef > 61*72, it follows that Xix,1 > _Bi*,Qii*,l-
According to [52], the set Q;(p;) for p;(to) € Qi(p;) is
forward invariant, i.e., p;(t) € €;(p;),Vt > to. Obviously, it
gets that Xy, 1(p,)+gz* 2(I7|ls0) = Viz/lix > 0. Thus, these
sets Cff 5(pi) and Sf% ,(p;) are forward invariant. According
to the proof of Lemma 3 in [53], it renders that C{l, 1(p,) and
St | (ps) are also forward invariant, i.e., Cw 1(p2) and SU 1(p2)
are safe. Since C{l, | (p;) D Cio,1(pi) and 8” 1(pi) D Sija(pi)
from (31), (34) and (52), Clo’l(pl) and S;;.1(p;) are input-to-
state safe. By the fact that X0 = hio and ;50 = hyj, it
obtains Cio,1(pi) = Cio(pi) and Syj1(pi) = Sij(pi) such that
Cio(p;) and SZJ (p;) are input-to-state safe. O

|24

- gi*ﬁi*QXi*,l -
(54)

D. Stability and Safety Results

It can be observed from (44) that 7¢ and 7, are inputs
of the kinetic subsystem (28). It can be observed from (50)
that the states of kinetic subsystem (28) z;3 and z;4 are some
inputs of kinematic subsystem (23). The subsystem (25) and
the system cascaded by subsystems (28) and (23) lead to the
resulting closed-loop system. Lemmas 2-4 state the stability of
all subsystems (23), (25), and (28). Lemma 5 gives the input-
to-state safety of multi-ASV system. The stability and safety
of the closed-loop system are given via the following theorem.

Theorem 1: Consider a swarm of underactuated ASVs ex-
pressed as dynamics (3) with the auxiliary system (18), the
kinematic guidance laws (19)-(20), the update law (21), the
barrier-certified yaw velocity (37), the PTDOs (25), and the
kinetic control laws (27). Under Assumptions 1-2, it is ensured

that: 1) all error signals of the closed-loop constrained safe
cooperative maneuvering system are bounded; 2) the multi-
ASV system is ensured to be input-to-state safe; and 3) the
ATPP constraints (12) are not violated.

Proof: From Lemmas 2-4 and Lemma 4.6 in [55], it has
concluded that all error signals are bounded. According to
definition (9), we have p. = £; ® Lp + (L7 L2 ® I2)pd)
with p = [plTa"' JﬁAT and pg = [p(M+1)d>"' ’de]T-
Further, it yields ||p+ (£7 ' La® I)pal| < [|pell/A(L1). Under
Assumption 1, it gets that the error ¢ is bounded by Lemma 4,
which means that p. is bounded by Eq. (11). Then, there exists
a positive constant €;, such that the geometric objective (5) is
satisfied. By Lemma 4 and Eq. (22), it yields that 6, and ¢
are bounded. It implies that there exist two positive constants
€ro1 and epo such that the dynamic objective (6) is achieved.
From Lemma 5, it has p;(t) € Cio(p;) and p;(t) € Si;(p:),
Vt > to. According to the definitions of C;,(p;) and Sij (pi),
it gets that p;(t) ¢ Cio(pi) and pi(t) ¢ Sij(pi), Vt > to, ie.,
safety objectives (7)-(8) are achieved. ]

V. SIMULATION RESULTS

This section conducts simulation results to verify the effec-
tiveness of proposed constrained safe cooperative maneuvering
method. We consider 3 ASVs (labeled as ASV1, ..., ASV3), 4
virtual leaders, and 1 super leader. A network topology in Fig.
2 is given to formulate the cooperative maneuvering pattern. In
addition, three obstacles, i.e., two stationary circular obstacles
and one moving ship, are placed to evaluate the ability of
collision avoidance.

0

_ Super leader

. Virtual leaders
-]

~

. ASVs

-~

Fig. 2: The network topology.

Suppose  that four virtual leaders move along
four parametrized paths given as  prq(Ok) =
(L2060, + YE(15cos(koby + &) + 40), Lv,0, —
{(15 cos(g5vs0k + 95) + 40)]7 for k = 4,5,
Pra(Ok) = [%vﬁk—g(w cos( 35050k + 75 ) +40), ?vﬁk—k
Y2 (15 cos( s vs O+ 25)+40)] 7 for k = 6,7 with v, = 0.5 and
04(0) = 65(0) = 65(0) = 67(0) = 0. The deviations of path
parameters are set as Py = Py = 0 and Py = —Pg = —40.
For the vehicle model, we consider the ASV1~ASV3 with
a length of 1.255 m, and the other Bis-scale parameters:
My, = 23.8kg, my, = 33.8kg, my, = 2.764kg, d;\, = 2,
di, = 7, and d;, = 0.5. According to Remark 1, the edge-
nonsmooth obstacle can be modeled as a circular obstacle.
For simplicity, we consider two static circular obstacles
(named by Obstaclel and Obstacle2), and an intersection
ASV (named by Obstacle3). The parameters of all ASVs and
obstacles are summarized into Table I including the initial
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TABLE I: INITIAL VALUES OF ASVS AND OBSTACLES.

[p¥ (to), wi(to)] or p (to) [-2,0,0] [15,—20,0]
[ (t0), wi(to)] or pE (o) 0,0, 0] 0,0, 0]
Ti Of To 2 2

Xp[m]

Pad, Prd

Psds P6d
—o— Virtual leaders
> ASV1
> ASV2
> ASV3
[]Obstacles

-50 0 50 100 150 200
Yig[m)]

Fig. 3: The constrained safe cooperative maneuvering of 3
underactuated ASVs.

Xelm)

Velul Yilm) ] Vi)

(a) Avoid Obstaclel. (b) Avoid Obstacle2. (c) Avoid Obstacle3.

Fig. 4: The snapshots of collision avoidance for each obstacle.

position, velocity, and radius. To conduct the simulation, the
main equations and parameters of presented method are given
as below: p;10 = 10; pi2o = 2.0; pi1,00 = 15 piz,co = 0.4;
tin = 0.05; 10 = 0.2; 07, = 0.7; 64 = 0.4; 1, = 8Ly = 0.5;
ki1 = 0.5; ki = 0.25; II;; = 10; I, = 7 k7, = 0.5;
El, = 1.0; tg = 0.2; Bio1 = Biog = Bija = Pijo = 0.5;
Rops = 2 Ryen = L1; ¢ = 1 G = 25 ki = 0.5y k7 = 0.5
k3o = 0.5; klo = 0.5; k29 = 0.5; k39 = 0.5; T, = 5;
Tiw =5; Ay = 1; Ay, = 1; K, = 105 k5, = 10.

Conducted by topology in Fig. 2, simulation results are
plotted in Figs. 3~10, where gray bars in Figs. 5~10 represent
the collision avoidance process of each ASV. Specifically, Fig.
3 shows the whole motion trajectories of ASV1~ASV3 guided
by 4 virtual leaders. According to the snapshots at Os, 200s,
400s, 600s, and 800s, ASVI~ASV3 converge to the hulls
and hold the collision-free cooperative maneuvering pattern. In

9
[—20,12, 0] [20, 35] [82, 70] (50, 120]
[0,0,0] [0,0] [0,0] [0.1,0]
2 5 8 2
500 T T ; 800
400 ‘ I i 600
| [ :
300 L 00 har
= 200 \ | - 212 g 222
\ / _ Il3 200 23
100 v\ \ ;
P \_'/. .......... .\'.‘.4/. ...... [ STITITTTTITTIITITPIIRTS PSPPI I
0 200 400 600 800 0 200 400 600 800
tfs] t[s]
\ D
\«// \\7 /4/
ha
— — hy
—-—-hy
0 200 400 600 800

tls]

Fig. 5: Second-order CBFs of ASV1~ASV3 for obstacles.

= 1
m — =z — — —511‘

Zzi1[m]

Zjo[m]

o 200 400 600 800 0 200 400 600 800

T
15 3 /”\ 201 ‘ m — — Fy — — —zh
10 I \\ —— Zy Ip=—=—m==== e
= [ d il | R r\l 1|\l\
S5 %00 w0 a0 = o —=== |1 0=
OING N A 728 PN
omE=E===== | TEEEEA 2 V2|
v 3 i
5 o 10 20 {1 40 415 420
-10
0 200 400 600 800 0 200 400 600 800
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10
15 S—7 ™ s I 232
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HIO\ //\E - ﬁ6 |||() 7 — — =z
El =~ g 4 =
= s\ \ 160 180 200 = s 155 160
8 \\ L)
0__=\,========== N \
5 J A
2 ]
0 200 400 600 800 0 200 400 600 800
t[s] t[s]

Fig. 6: The relative distances (left column) and heading errors
(right column) of all ASVs.

order to clearly observe the collision avoidance process, Fig.
4 displays the enlarged snapshots, in which ASVs avoid Ob-
staclel, Obstacle2, and Obstacle3. From Fig. 4(a)-4(b), each
ASVs are capable of avoiding the static obstacles (Obstaclel
and Obstacle2). From Fig. 4(c), ASVI1 can also avoid the
intersection ASV (Obstacle3). The collision-free behaviors in
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Fig. 7. Auxiliary variables for relative distance and heading
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Fig. 9: Estimation performances of PTDO for ASV1.
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Fig. 8: The surge (left column) and yaw (right column)
velocities of all ASVs.

Fig. 4 are further verified by the corresponding 2nd-order
CBFs for each ASVs in Fig. 5. The non-negativity of h;,(p;)
mean that each ASV does not go into the obstacle avoidance
zones Cio(p;), i.e. p; & Cio(p;). Then, it is concluded that
the modified yaw guidance law (36) ensures the collision-free
behaviors and achieve the cooperation of ASV1~ASV3 from
Figs. 3 and 4.

From Fig. 6, the relative distances and heading errors of
ASV1~ASV3 can converge into the prescribed constraint
spaces [—zl,,20] and [—zly,2%]. Under the collision-free
protocol, z;; escapes from the original constraint space
[—z4, 20]. To mnot violate the performance constraints, the

space [—zl,,27;] are enlarged to [—zl;, z7;] with the positive

Fig. 10: Properties of control inputs.

modified signals A, Al; from proposed auxiliary system

(18). It is seen that the error z;; evolves within the enlarged
constraint spaces from Fig. 6(a), 6(c), and 6(e). In addition,
it knows that errors z;5 and z9o gently to the prescribed
neighboring region of the origin without obvious overshoots
from Fig. 6(b), 6(d), and 6(f). Fig. 7draws the modified
variables AT;, AL, A7, and M., for relative distances z;;
and heading errors z;9, respectively. When it does not avoid
collision, the modified variables are at the origin, which means
that prescribed performances are not affected. When avoiding
collision, the positive modified values are generated to en-
hance the adaptability of prescribed bounds without changing
parameters ;1,00 and ;2 oo-

Fig. 8 gives the surge and yaw velocity signals of
ASV1~ASV3, respectively. According to Fig. 8(b), the yaw
velocity adjustment in the first gray bar is to hold the coop-
eration of ASV1~ASV3 when ASV3 avoids Obstaclel, and
the adjustments of the second and third gray bars are due to
avoiding Obstacle2 and intersection ASV for ASVI. In Fig.
9, the disturbance estimations for ASV1 in the surge and yaw
direction are presented by using the proposed PTDOs. Fig. 10
shows the surge forces and yaw moments of ASV1~ASV3.

VI. CONCLUSIONS

In this paper, we introduce a constrained safe cooperative
maneuvering method for multiple underactuated ASVs subject
to performance-prescribed and obstacle-loaded constraints.
Our proposed method contains a guidance loop and a control
loop. In the guidance loop, the designed ATPP can not only
achieve the transient and steady-state indices of relative posi-
tion and heading control but also modify bounds for possible
collision avoidance actions of ASVs. The barrier-certified yaw
velocity protocol guarantees the safety of multi-ASV system
in an obstacle-loaded environment. In the control loop, the
PTDO-based kinetic control laws are devised under unknown
environmental disturbances. Simulation results of three ASVs
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verified the efficacy of the constrained safe cooperative ma-
neuvering method. For future study, it is desirable to achieve
the constrained safe cooperative control of ASVs with the
Convention on the International Regulations for Preventing
Collisions at Sea (COLREGsS).
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